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ABSTRACT 
In this paper for every p > 0 the universal family of the hypersurfaces of degree 2p and dimension 3 
invariant under a certain action of the group of p-th roots of unity is considered. The maximal 
abelian rational sub-Hodge structure of weight 3 is investigated on the general element and the 
general Grothendieck-Hodge conjecture is checked for the general point of some special sub- 
families. 
INTRODUCTION 
The Grothendieck-corrected version of the generalized Hodge conjecture [G] 
for threefolds says that it is possible to construct a family of curves whose 
Abel-Jacobi image generates the subtorus of the intermediate jacobian span- 
ned by the maximal rational sub-Hodge structure inside H3 which is abelian, 
i.e. having Hodge numbers /z3,’ = ho,3 = 0. Th’ is conjecture is known to be true 
for several classes of varieties, notably those that are uni-ruled. We investigate 
the class of hypersurfaces in projective 4-space of degree 2 5. It is known that 
H” of a generic such threefold admits only trivial abelian rational sub-Hodge 
structures and so the conjecture is trivially true. On the other hand one knows 
the conjecture for the Fermat threefold. It is therefore natural to ask whether 
one can find families including the Fermat threefold such that the conjecture 
holds for the general member. 
*Research partially supported by the Italian M.u.R.s.T.. by the European Science Project ‘A.G.E.' 
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Here we consider families of threefolds invariant by the action giving by 
multiplication by a p-th root of unity on two of the coordinates. Let r be the 
invariant 2-plane obtained by setting these coordinates equal to zero and I be 
the line obtained by setting the other 3 coordinates equal to zero. Every point 
p E TT determines the section of the threefold cut out by the 2-plain joining 1 and 
p which is a p* to 1 covering of a conic. Then there exists a curve C c 7r of 
degree 2p (which is a suitable deformation of the section of the threefold cut 
out by n) such that every c E C determines a pair of plane curves of genus 
i (p - l)(p - 2). We show that the Abel-Jacobi map of each of the resulting 
families has the desired property of generating the subtorus of the intermediate 
jacobian spanned by the maximal abelian rational sub-Hodge structure inside 
H3 for a general member of the family of threefolds under consideration. In 
particular this result implies that the conjecture holds for the general double 
solid invariant by a suitable Z,-action. 
In Section 1 we give some preliminaries. In Section 2 we introduce the inter- 
esting families and exhibit the maximal abelian rational sub-Hodge structure 
inside H3 for the general element. In Section 3 we explain the geometrical 
construction, and the generalized Hodge conjecture is proved for the general 
non-trivial case. Finally the Section 4 is devoted to point out some interesting 
facts and consequences. 
1. PRELIMINARIES AND NOTATION 
Throughout this work P” denotes the complex projective space of dimension m. 
If (io,. . . , im) is a permutation of (0, 1, . . . ,m) we write (io, . . . , iM) N 
(0,. . . ,m). 
(a) is the smallest positive integer representing the class a E Z,. 
A point outside a certain Zariski closed subset of a given variety is said ge- 
neric, while a point outside a countable union of Zariski closed subset is said 
general. 
Let X be a smooth projective threefolds. A rational sub-Hedge structure (we 
will write Q-SHS) W c H3(X, C) is called abelian if W3,’ = (0). 
We can now consider the following action on P4 
/3:G2+P4-P4 
((bo,. . . , b4), (x0 : . . . : x4)) H (~~0x0 : ~1x1 : ~72x2 : ~73x3 : ~4x4) 
where 
ffi := [exp (ii)]‘“‘, 
G2p := (Zzp x Zzp x Zzp x Zzp x z2,)lA 
and A is the diagonal subgroup whose action on P4 is obviously trivial. Then, 
for every b = (bo, . . . b4) E Gzp, we get an automorphism pa of P4 which gives 
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an element of Aut(&) when restricted to the Fermat threefold X0 of degree 2~. 
Say ,& its action in cohomology. Then we obtain the following representation 
of Gz~ 
p: Gz,, - GL(fJ3(Xo,C),C) 
b - 0; 
completely reducible on the Hodge decomposition. Moreover, since Gzp is an 
abelian group, it is completely reducible to l-dimensional subspaces and for 
every b E G+ we can represent & with a diagonal matrix. 
Define GV as the group of characters of Gz~. Then 
Gp = (bo,... ,ba) E Zip 1 5 hi = O(mod 2~) 
i=O 
and its subgroup of eigenvalues of elements in p(Gzp) is given by 
(1.1) G = { (bo, . . , b4) E Gp 1 Vi bi $ O(mod 2~)) = $ CYrl’ 
r+s=3 
where 
(1.2) Gr’s= (bo,...,b4)ESI 5 (bi)=2p(s+l) 
{ i=O i 
Hence we get 
(1.3) H’J(&) % (G”qC. 
The following is a particular case of a Shioda’s result [S2]. 
Proposition 1.1. Let V the maximal abelian rational sub-Hodge structure of 
weight 3 of X0. Then there exists a finite set of rational sub-Hodge structures 
{(w> ~,Q&I such that V = eiE1 M$ and dim W = IZ;,, where Z& is the 
maximum multiplicative group in Zzp. In particular ifp is prime dim Wi = p - 1 
and for every i there exists b = bi E G2’ ’ such that, up to the multiplication by a 
suitable real number, 
w,Q ?k (i C h E Z;,, (u(')b)(') 1 a E Z$ Q 
where u is a primitive 2p-th root of unity and the isomorphism is given by the re- 
striction of (I .3) to rational part. 
2. Z,,-ACTIONS ON P4 AND INVARIANT FAMILIES 
Let (-‘CO : . . : x4) be the projective coordinates of P4 and consider the following 
actions of Z, 
N,.ZpXP4-P4 
(a-(x0 : ... : X4)) ct (x0 : .. : E(')Xi 1 "I 1 _Y4) 
where i = 0,. . . ,4 and E := exp(i(2r/p)j. 
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Let ?t!i be the Hilbert scheme of the hypersurfaces of degree 2p in P4 invariant 
under the action cq, and consider the connected component containing the 
Fermat point 0. Let Ui be its Zariski open subset of the smooth elements, define 
Uij >y Ui nUj forii,j E (0, 1,2,3,4} and consider the associated families 
3. -!+LliandEj LUij. 
Proposition 2.1. & has 4 (3p3 + lop2 + 1 lp - 28) projective moduli and 3$ has 
3p2 + 6p - 5projective moduli. 
Proof. Assume i = 0, j = 1 and consider X E 30. It is defined by the following 
polynomial 
(2.1) $+x,$&(xi ,..., x4)+&&i ,..., x4)=0 
where FP and GQ are homogeneous polynomials of degree p and 2p respec- 
tively. Therefore the projective transformations preserving the invariance 
under the action cq, are represented by the following matrices 
7 A E GL(4, C). 
Hence Uo has the following projective moduli 
h’(O,,(p)) + h”(OP,(2p)) - dimGL(4, C) 
=;(3p3+10p2+11p-28). 
In particular if X E fij in (2.1) we have 
(2.3) 
F&l,... ,X4)=axp+FO,p(x2,x3,x4) 
G2P(~,,...r~4)=~:P +x;F&2,x3,x4) +F2&2,x3?4) 
where a E C and 2deg(Fo,,) = 2 deg(Ft,,) = deg(FpP) = 2p. Therefore in (2.2) 
it has to be 
(2.4) 
with B E GL(3, C). Hence the projective moduli of Uoi are 
1 +2h”(0,s(p)) + h”(OPj(2p)) - dimGL(3, C) = 3p2 + 6p - 5. q 
Theorem 2.2. Let X be a general element of 5. or 3ij, H,,,(X) be the maximal 
abelian Q-SHS of H3(X, C) and H 3(X, C)a’ be the invariant cohomology under 
ai. Then 
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(2.5) Hm=(X) = I (01 if X E 5,~ > 3 ~3(_y, c)“l f-j fj3(_y, C)“/ if X E &, p > 4. 
In the latter case h ,,x(X) := dimH,,,(X) = (2p - 1)(2p - 2). 
Proof. Let X be general in Fi and suppose i = 0. Consider the Kodaira- 
Spencer map pt at the point t E UO, and define Z, := u(Im p, x H3)‘(X,)), where 
v : T&4,,) x H3,‘(XJ + H2.‘(Xt) 
represents the infinitesimal variation of Hodge structures [CGGH]. Since the 
tangent space TO&/O) to UO at the Fermat point 0 is the linear subspace of the 
space of degree 2p-polynomials given by 
(2.6) (x,p& + G2,Jc 
where F,, and GQ are like in (2.1), by the Proposition 2.1 we can say that the 
Fermat point 0 E 240 is smooth. Therefore dim lo = dim II for every sufficiently 
general t E L/o and recalling a result proved in [B] we have 
(2.7) h,,,(X) < h2,‘(X) + h1s2(X) - 2dimlo 
for X general in UO. 
Claim. Ifp > 3 then IO = Hz,’ (X0). 
Since in our notation 1) can be expressed as the sum of the representative 
eigenvalues we have to prove that for any a = (as,. , ~4) E G2.! there exist b = 
(bo.. ,b4) E G3.0 and c = (CO,. , cq), representing a tangent vector in To(Uo), 
such that b + c = II. 
Assumea~~p:choosebo=ao,co=Oandb~+c~=a~forj=1~...,4.We 
have the only bound 1 < bi 5 2p - 4 for i = 0,. . ,4. Hence it is possible to 
make a good choice if and only if p 5 2p - 4 i.e. p > 3. 
If ug > p choose bo = a0 - p and CO = p. It follows that ao - p < 2p - 4. Since 
ao < 2p - 1 it is possible to make a good choice if and only if 2p - 1 < 3p - 4, 
i.e. p > 2, and the claim is proved. Therefore H,,,(X) = (0) for X general in 
Suppose now X to be general in Fij and assume i = 0, j = 1. Applying in- 
finitesimal variation of the Hodge structure we get the following well-known 
fact: 
{ft is general in UOI , H,,,(X,) 1s t e maximal Q-SHS H c H 3(X,: C) such thnt h 
(23) 
i 
e!(Im pI x H2,‘) C Hlv2 
I I nH2,’ =O. 
Speciaiize to the Fermat point which is smooth in UOI in view of Proposi- 
tion 2.1 and condition (2.6) with FP and Gz,, as in (2.3). For any i = 0,. ,4, 
{H”(X,. C)“‘),EU, is a local system of vector spaces and 
H’(Xo, C)<lt ? ((a E G / u, E p(mod 2~)))~ =: Hi. 
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Set 
Z&t := ZZs f-l ZZ, 
101 := 4TO(UOl) x (i2330)c) 
and let C&r(Zsi) be the orbit of I01 under the action of the Galois group 
Galg(c) E Z& ( u is a primitive 2p-th root of unity). Therefore by condition 
(2.8) the theorem is proved showing the following 
(2.9) 
( 
u(TO(uOl) X ff,2i1) C ffk12 
OGal(zOl) @HOI g ff3(x0, c>. 
The first condition is trivial. To show the second one define 
WOl := (!iT2”)J(H~i’ Ci3 101) 
(the direct sum on the right is obtained by observing that Hii = (0)). Up to a 
permutation of (~0, ui) only the following possibilities occur. 
(a) ao=Pandal<p:choosebo=p,co=cl=Oandbl=al;sinceCbi<2p 
we get bl 5 p - 3. Hence 
a E WOI if (a0,al) N (AP - 11, (P,P - 2). 
(b) ao=pandui >p:choosebo=p=cr,co=Oandbt =a~-p;asinthecase 
(a) bt 2 p - 3 i.e. at 5 2p - 3 and 
aE WOI if (a0,al) - (P,~P- 1),(~,2~-2). 
(c) a0 < p and al < p: choose be = us, br = at and CO = ci = 0; then a0 + al < 
2p - 3 and 
a E IV01 if (u0,ul) = (p - 1,p - 1). 
(d) a0 > p and al < p: choose bo = aa -p, bl = al, CO = p and cl = 0; hence 
uo+ul <3p-3and 
a E Wet if (uo,q) = (2p - l,p - 1). 
(e) aa >p and al >p: choose bo = a0 -p, bl = al -p and CO = cl =p; then 
a0 + al 2 4p - 3 which is always true. 
Summing up all these facts it follows that 
WOl = ({a E iLT211 1 (ao,a) N (P,P - 11, (P,P - 2), (P - l,P - 11, 
(PI 2P - 11, (P, 2P - 21, (2P - 1, P - l))),. 
Therefore if p > 4 then v(G,a) E Zoi for any G E To(Uoi), a E War and this 
shows the second condition in (2.9). 
The dimension h,,,(X) can be easily calculated by computing dim(&). 0 
Remark 2.3. The preceding theorem is not true if p 5 3 since the claim can’t be 
true. In particular: 
for p 5 2 the canonical bundle KX has to be negative and 
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(2.10) H,,,(X) = P(X, C) 
for p = 3 it happens that if X is general then 
([RI, Theorem 4.4). 
On the other hand assume p = 4. Then the claim is true implying the first part 
of (2.5) but it is not true that v(G, a) E 10, for any G E To(Uoi), a E IV’,, . In fact 
if (~,a,) N (p,p - 2), (p,2p - 2) then r!(G,a) E WOI for any G E T&40i). For 
i = 0: : 4 we can consider the following Zz-actions on P4 
j3ioiZzXP4+P4 
(a, (x0 : . : x4)) H (x0 : . . . : (-l)(%j : “. : x4). 
If X E 3ii then X is /3j o pi-invariant and in general we get 
(2.12) H,,,(x) = [H3(x, C)“! + H3(X, C)“‘] n [H3(x, C)tk n H3(x, C).“]. 
3. THE GENERAL GROTHENDIECK-HODGE CONJECTURE 
Let X be the general element of the family Zj and define Xi, Xi and X’j to be its 
quotients under the actions oi, oj and aj o Qi respectively. Factorize the natural 
projections as follows 
Assume i = 0, j = 1 and recall (2.1) and (2.3). Hence X0 is the weighted hy- 
persurface of P4( p, 1, 1, 1,l) defined by the following equation 
Y2+VO(ayp+FO,p(Y2,Y3:Yr)) +Y:p +$h,(y2d3>y4) 
+ F2p(Y2, Y3, Y4) = 0 
where ~0 = xi and yj = xj, for j = I, 2,3,4, are the equations of the canonical 
projection from P4. Restrict to X0 the projection from (I : 0 : .. : 0) E 
P4(P, 1,1,1> 1) 
po : P‘yp, l,l, 1,1) + P3 
(z() : : z4) H (z* : . : z4). 
We get a double covering of P3 ramified at the surface So defined in P3 by the 
discriminant polynomial 
Aoh,. , ~4) = y:” + 
2(aF0.,(Y2,y3ry4) -=i,,(Yz,y3,Y4)) 




Notice that a2 - 4 # 0 since for a = f2 we get singular threefolds only. Con- 
sider the weighted surface So’ := 7rl(S”) in P3(p, 1, 1,1) (whose weighted co- 
ordinates are zl = yf, zh = yh, for h = 2,3,4). By the same reason as above So’ 
is a double covering of P2 ramified at the plane curve Co1 whose defining 
polynomial in P2 is 
An easy computation checks that 
3.1. X is smooth H So is smooth H Co’ is smooth. 
Definition 3.2. Let S c P3 be a smooth surface of degree 2p. A line I c P3 is 
called p-tangent to S if I n S is composed by p points (not necessarily distinct) 
each counted with multiplicity 2. 
Proposition 3.3. Let X be general in 31. Then X contains two families El, EZ of 
plain curves of degree p and both of them are parameterized by the smooth plane 
section 
Cij = {xi = xi = Au = 0). 
Moreover for every curve El E &I there exists a unique curve E2 E &2 such that 
El U E2 is a plane section of X. 
Proof. As usual assume i = 0, j = 1. Let Kol be the cone of lines in 
P3( y1 : . . . : ~4) with vertex (1 : 0 : 0 : 0) and directrix curve 7r’;‘(C”‘) = 
{A”( ~2, ys, ~4) = 0) and let r c K one of those lines. Hence r is a p-tangent 
line to So whose pull back to Xi splits into two rational curves II, Z2 one image 
of the other under the structural involution. Lifting now 11 and 12 to X we get 
two curves El and E2. Notice that El U E2 is the section of X with the plane 
defined in P4 by the same equations giving r in P3 (replace yj with xj, for j = 
1 . . > 4). The Riemann-Hurwitz formula ends up the proof by showing that 
&) =g(-&) =i(p- l)(p-2). 0 
Let & + C’j be one of the two families of curves contained in X and consider 
the restriction of the Abel-Jacobi map -AX to I factorizing through the jaco- 
bian variety of Cii 
& -9 F(X) 
(3.2) 1 tv 
Cii L ~(Cij) 
where ,u is the Abel map and J2(X) is the intermediate jacobian of X. 
Theorem 3.4. For any X E & let Jij be the abelian subvariety of J2(X) asso- 
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ciated to the rational abelian sub-Hodge structure H3 (X. C)“’ n H3(X. C)“‘. 
Then 
Ax(&) = Ji/ 
and dX,E is ‘injective’ (moreprecisely u o I_L is injective). 
Recalling Theorem 2.2 the previous result gives the following. 
Corollary 3.5. Let X be the general element of Fij. If p > 4 the G.H.C. is true 
for X. 
Proof of Theorem 3.4. Assume i = 0, j = 1 and consider the weighted hyper- 
surface Xol c P”( p,p, 1, 1, 1). It is a Q-Gorenstein variety, its singular locus is 
given by {(i : 1 : 0 : 0 : 0), (-i : 1 : 0 : 0 : 0)) and it is well defined a Hodge the- 
ory on X0* essentially by Hartogs’ theorem [D]. In particular the surjective 
map 7roilx induces an injective map J2(Xo1) L) J2(X) which is onto Joi. On the 
other hand since Co’ is a locus of fixed points for the action ai o ~0, 7roI~c~~ in- 
duces the isomorphism J(C”*) E J(7roi(Co1)). E is invariant under the action 
cyi o CYO then the natural map v appearing in the commutative diagram (3.2) 
factorizes as follows 
J(CO’) : J2(X) 
(3.3) u’\ /” 
Jo1 
Theorem 2.2 gives 
dim(Joi) = g(Coi) = dim(J(C”)). 
On the other hand the differential of V’ in the Fermat point is an isomorphism 
of Hodge structures. Therefore 
(3.4) J(C”) g Jol. 
Let El, E2 be two distinct irreducible fibres of&and set t, := E, n Co’, a = 1.2. 
By Abel’s theorem we get p(tl) # p(tl) and (3.4) ends up the proof. 0 
Recall that a double solid (plane) Y is a double covering of P3 (P2) branched at 
a surface (curve) S whose image in P3 (P2) needs take even degree 2p. We will 
say that Y has degreep. 
Corollary 3.6. Let Y be a general double solid of degree p > 2 invariant under an 
action of Z, such that S/Z, is a double plane. Then H,,,(Y) is non-trivial and [f 
p # 4 the G. H. C. is truefor Y 
Proof. There exists an embedding of Y as a weighted hypersurface of 
P4( p, 1 , 1 , 1,l) of degree 2p. Since Y is general S is smooth and it is possible to 
recover X E FO such that the following diagram commutes 
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x - P4 
no 1 1 X(1 0 -0) 
y 2 p3 
where 7rc1 :0: ,., : 0) is the projection from the point (1 :o: . . . : 0). The image in P3 
of S will be called S again. Its quotient S/Z, is a double plain of degree p and it 
is embedable as a weighted surface in P3 (p, 1 , 1,l) of degree 2p. Hence we can 
find an embedding j : S c) P3 such that deg(j(S)) = 2p = deg(S) and the fol- 
lowing diagram commutes 
SJ+ P3 
1 1 
s/z, - P3(p, 1:;: 1) 
Hence there exists a biholomorphism ‘p : S +j(S) and the Noether-Lefschetz 
theorem gives 
Pit(S) Z Pic(j(S)) ” 2 
since S is general. Therefore cp induces an automorphism of 2 which has to be 
necessarily the identity then it carries the plane section of S to the plane section 
ofj(S). Hence cp is induced by a projective transformation of P3 which we call 
again ‘p. Let $I be the projective transformation of P4 induced by cp as follows 
$((X() : x1 : . . . : xq)) := (xg : cp((Xl : “. : x4))). 
Then g-‘(X) E Fsi and the statement follows from Theorems 2.2 and 3.4 and 
from the following Remark 4.1. q 
4. FINAL REMARKS 
Remark 4.1 (The case p 5 4). For p 5 2 the threefold X has to be uni-ruled by 
Miyaoka’s theorem and the G.H.C. for X can be proved by applying a Gro- 
thendieck’s argument [G] to a well-known result [CM]. 
Assume p = 3. Theorem 8.1 in [R] implies that 
ifX is the general element of z. or Ej then the G. H. C. is true for X 
In particular the cycles covering H,,,(X) are exhibited as follows. Xi and XJ 
are double solids branching at the general sextic surfaces S’ and Sj respectively. 
A general sextic surface in P3 admits a l-dimensional family of 3-tangent lines. 
Consider these families for S’ and Sj and lift them to X as in the proof of 
Proposition 3.3. We get two families of elliptic curves in X strictly including one 
of the two families given by Proposition 3.3. Both of those families cover 
H,,,(X). 
Unfortunately at the moment we are not able to prove Corollary 3.5 for 
p = 4. In fact the family of l-cycles & covers only the Q-SHS H3(X, C)“l f~ 
H 3 (X, C)O’ which is strictly included in H,,, (X) by (2.12). On the other hand a 
general surface of degree 8 in P’ does not admit a family of 4-tangent lines and 
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we can’t apply the same techniques used for the case p = 3 to find a family of 
l-cycles in X strictly including 1. For the purpose it may be enough to answer 
the following question: 
let S be a surjbce of degree 8 in P 3 (xg : . . : x3) invariant under the Zd-action CQ 
and let T : P3 ---f P2 the projection with center at the point (1 : 0 : 0 : 0). Does 
there exist afamily of 4-tangent lines to S whose image under T is not composed by 
a single point? 
Notice that the family & in X is the pull-back of the family of all the 4-tangent 
lines to S’ whose image under 7r is just a single point (assumingj = 1). 
Remark 4.2 (The Fermat case). Let X0 be the Fermat threefold of degree 2p and 
repeat the construction opening the Section 3. In this case Co’ is just the sec- 
tion of X0 with the plane x0 = XI = 0. Therefore the lifting to X0 of the cone K”’ 
is given by 
2p-1 
K:= (J K,o' 
s=O 
where K,O’ is the cone of lines in P4 with directrix Co’ and vertex 
(eil(‘+2s)/2p)a : 1 : 0 : 0 : 0). In particular every fibre of the families &I, EZ of 
l-cycles on X0 is reducible into p lines meeting at a unique point of Co’. If E 
denotes one of these families, there exists a finite etale covering C 2 Co’ such 
that 
K:=&xco, c 
is the family of all the lines living in K. Using the Shioda product on characters 
[Sl], it is possible to show that: 
4.2.1. Joi = Ax,(&) c Ax,(K) and there exists 2p - 2 subtori JI, . . . , JzP_2 of 
dx, (K) such that J, 2 JOI for every a = 1, . . ,2p - 2 and 
JOI @Jl ~3..-J2~-2 =dx,(K). 
Moreover the Q-SHS associated to Ax,(K) is represented by the space of 
characters HK such that H$ ’ := ({a E G2,’ 1 a2 + a3 + a4 = 2~))~. 
Notice that the iterated application of the 4.2.1 for every {i, j} c (0, 1,2,3.4} 
does not imply the G.H.C. for X0 when p > 3 owing to the existence of in- 
decomposable characters in G2” [S2]. 
Remark 4.3 (The Infinitesimal Hodge Conjecture). Let us recall the I.H.C. as 
stated in [RI, 1.3. Let X be a non-singular projective threefold and X - M be a 
complex analytic family of deformations of X = X0, with 0 E M. Define A := 
Spec(C[c]/(E2)) and f or any tangent vector G E To(M) let hc : A ---f M be the 
associated morphism sending the closed point of A to 0. The first order de- 
formation of Xalong G is XG := A xM X. 
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4.3.1 (The In$nitesimal Hodge Conjecture). Let W be an abelian Q-SHS of 
H3(X,C) and JW be the associated subtorus of J2(X). Then there exists a 
family C’ + B’ of codimension 2 algebraic cycles of X such that, up to a finite 
extension C = B xg~ C’, 
Ax(B) = Jw. 
Moreover if W’ is the abelian Q-SHS associated with dx(B’) and G is an abe- 
lian tangent vector for W’ (i.e. W’ remains abelian under infinitesimal varia- 
tion along G), then there exists a family of cycles Co --t 23~ and two flat epi- 
morphisms b : BG + A and c : CC --f A such that 
(a) CG E CH'(XG xBG), 
(b) the following diagram is commutative 
86 = Cc 3 XG 
b\, cl J 
A hG -+M 
and c-‘(p) = C’, b-‘(p) = B’, where p := h;’ (0) E A is the closed point (i.e. C’ 
deforms at first order along G). 
Recalling Theorem 3.4 and the preceding Remark 4.2 it is not difficult to show 
that 
4.3.2. Let t be the general point in Uij and X, E Ej be the associated fibre. Then 
the I.H.C. is true for any abelian Q-SHS of H3(Xt, C) and for every G E Tf(U;j). 
Moreover the I.H.C. is true for the Fermat element X0 when W = Hij or 
W = HK (setting i = 0, j = 1) and G E Zq. 
Remark 4.4. Let us conclude with some final observations. 
l By Proposition 3.3 all the exhibited families of algebraic l-cycles covering 
some H,,, are composed by irreducible components of reducible plane sec- 
tions of involved threefolds. 
l By the preceding Remarks 4.2 and 4.3 for p > 4 all the H,,,‘s and the as- 
sociated families of algebraic l-cycles can be obtained by the deformation of 
p suitable cones of lines laying into the Fermat threefold. In particular there 
exists a choice (depending on the direction of deformation) of p - 1 lines 
11,. . . , Ep _ 1 in the Fermat threefold such that the cycle I+ Zr + . . . + 1, _ 1 can be 
deformed in spite of the fact that every line I contained in the Fermat element is 
in general obstructed along any direction of deformation. 
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